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Abstract—The paper presents alternative numerical techniques
implemented in power transformer analysis and design focusing
on the short circuit impedance evaluation. The proposed method
adopts a particular reduced scalar potential formulation enabling
a three-dimensional (3-D) magnetostatic problem solution. This
method, requiring no source field calculation, in conjunction with
a mixed finite-element/boundary-element technique, results in a
very efficient 3-D numerical model for power transformer design
office use. This model is used to develop an effective computational
tool, enabling the accurate transformer characteristics prediction,
thus increasing its reliability and reducing its production cost.
The computed results of the proposed methodology are validated
through measurements in the case of a three-phase wound core
power transformer.

Index Terms—Boundary-element methods, finite-element
methods, hybrid methods (FEM–BEM), magnetostatics, short
circuit impedance, transformers.

I. INTRODUCTION

THE process of electric utilities restructuring, privatization,
and deregulation has created a competitive, global mar-

ketplace for energy. In this new and challenging environment,
there is an urgent need for a transformer manufacturing industry
to improve transformer efficiency and reliability and to reduce
cost, since high-quality low-cost products have become the
key to survival [1], [2]. Transformer reliability is improved by
the accurate evaluation of the leakage field, the short circuit
impedance, and the resulting forces on transformer windings
under short circuit, since these enable to avoid mechanical
damages and failures during short circuit tests and power
system faults. The technical and economical optimization of
transformer design contributes significantly in transformer cost
reduction.

Numerical modeling techniques are nowadays well estab-
lished for power transformer analysis and enable representation
of all important features of these devices. Techniques based
on finite elements present interesting advantages for nonlinear
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characteristics simulation. In [3]–[6], finite-element models are
used for the computation of short circuit forces and leakage
field evaluation in transformers. The boundary-element method
is another numerical technique extensively used for electro-
magnetic problems. The main attraction of this method is the
simplicity of the data required to solve these problems, along
with the high accuracy obtained with boundary elements [7].

Moreover, the combination of boundary and finite elements is
another widely used numerical field analysis technique. Three-
dimensional (3-D) hybrid models for electromagnetics are intro-
duced in [8] and [9]. Coupled finite/boundary element formula-
tions applied on motors are also presented in [10] and [11].

In this paper, a particular reduced scalar potential formulation
is adopted, necessitating no prior source field calculation in con-
junction with a mixed finite-element/boundary-element tech-
nique. The accuracy of the mixed technique is investigated by
comparison to the classical finite-element method for a simpli-
fied geometry. Afterwards, it is applied to a three-phase wound
core power transformer and its results are compared to the re-
spective measured ones. Finally, discussion is being made on
the development of a computational tool based on this method,
offering the possibility of generalization of its application.

II. MODELING TECHNIQUES

A. Finite-Element Method (FEM)

The FEM is a numerical technique for the solution of prob-
lems described by partial differential equations. The governing
equation in the case of a magnetostatic field is the Laplace
equation

(1)

where is the scalar magnetic potential. The considered field
is represented by a group of finite elements. Therefore, a con-
tinuous physical problem is converted into a discrete problem
of finite elements with unknown field values in their vertices
nodes.

Many scalar potential formulations have been developed for
3-D magnetostatics, but they usually necessitate a prior source
field calculation by using Biot–Savart’s law. This presents the
drawback of considerable computational effort.

In the present paper a particular scalar potential formulation
has been developed, enabling the 3-D magnetostatic field anal-
ysis. According to our method the magnetic field strength is
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conveniently partitioned to a rotational and an irrotational part
as follows:

(2)

where is a scalar potential extended all over the solution do-
main while is a vector quantity (fictitious field distribution),
that satisfies the following conditions [12]:

1) is limited in a simply connected subdomain comprising
the conductor;

2) in the conductor and outside it;
3) is perpendicular on the subdomain boundary.

The above formulation satisfies Ampere’s law for an arbitrary
contour in the subdomain.

B. Boundary-Element Method (BEM)

The BEM is derived through discretization of an integral
equation that is mathematically equivalent to the original
partial differential equation. The boundary integral equation
corresponding to Laplace equation is of the form

(3)
where is the observation point, is the boundary coordinate,

is the unit normal, and the fundamental solution of Laplace
equation in free space. While in the FEM an entire domain mesh
is required, in the BEM formulation a mesh of the boundary only
is required, resulting in the significant reduction of the problem
size.

C. Mixed FEM–BEM

Another field analysis method can be derived by the above
two mentioned techniques. With the use of this method, prob-
lems with geometries comprising large parts of air can be solved
by a reduced discretization through boundary elements in com-
bination with the ability of better representation of nonlinear
materials provided by the FEM.

Let us consider a 3-D coupled finite-element/boundary-ele-
ment solution domain, comprising finite-element nodes,
boundary-element nodes, and common nodes at the interface
boundary. The total number of nodes is equal to , where

(4)

The finite-element mesh consists of tetrahedra while the
boundary-element mesh comprises triangles. The matrix
form of the equations corresponding to the above solution do-
main is of the form of (5) [5], [6] where and are
the nodal potential and nodal potential derivative values of the
node , respectively.

The left-hand matrix of (5) consists of five “submatrices”: [S],
[F], [G], [H], and [T] which are described in the following:

[S] is the stiffness matrix and [F] the source vector of the FEM
corresponding to (6)

(6)

The general form of their elements is

(7)

(8)

[H] and [G] are the matrices of the boundary-element method.
The general form of their elements is

(9)

(10)

[T] is the matrix of the terms used to link the finite-element
region to the boundary-element region (involving the poten-
tial and normal derivative values of the FEM–BEM interface
boundary nodes)

(11)

According to the above formulation, the magnetic field
sources are located in the finite-element region ( , ).
Therefore, they can be represented by the adoption of the vector
quantity described previously. On the other hand, the
boundary-element region does not comprise magnetic field
sources; therefore, there is no need to implement the vector
field in the BEM formulations.

The unit diagonal terms appearing between rows and
of the left-hand side matrix of (5) correspond to the imposed

boundary conditions of the problem. They imply that the value
of the potential derivative of the respective nodes is known. Sim-
ilar assumptions can be made for the nodal potential values (ac-
cording to the nature of the problem considered) by moving the
columns of the diagonal terms.
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Fig. 1. Geometry of the problem considered.

Fig. 2. Fictitious field distribution corresponding to the first coil of Fig. 1.

III. RESULTS AND DISCUSSION

A. Investigation of the Proposed Method Accuracy in Case
of a Simplified Configuration

The proposed mixed technique has been applied to the
problem of Fig. 1. It consists of an iron core surrounded by
two coils. This simplified configuration approximates the
transformer magnetostatic field under short circuit conditions.
The solution domain is reduced to one eighth of the device
and is divided into two regions: the finite-element region,
which comprises the iron core part and the coils, and the
boundary-element region which represents the air surrounding
the active part. The symmetries of the problem were taken
into consideration by the imposition of Dirichlet boundary
condition along – plane and Neumann boundary
condition along the other outer three faces.

The mixed FEM–BEM mesh consists of 276 nodes: 180 in
the finite-element region, 132 in the boundary-element region,
and 36 in the interface boundary (plane ). The FEM
mesh is composed of 600 tetrahedra and the BEM region of 260
triangles.

Fig. 2 shows the distribution of the fictitious field distribution
corresponding to the first coil of Fig. 1.

Fig. 3. Variation of magnetic induction magnitude along line AB of Fig. 1.

Fig. 4. Tetrahedral finite-element mesh representing the transformer active
part.

In order to check the accuracy of the proposed mixed
technique, the same problem was solved with the use of only
FEM. The respective 3-D FEM mesh adopted, consists of
360 nodes and 1200 tetrahedra. Fig. 3 compares the magnetic
induction magnitude variation along the line AB of Fig. 1 as
it was calculated by the two methods. The results are in very
good agreement.

B. Application of the Proposed Method to a Real Transformer
Case—Experimental Validation

The proposed method has also been applied in the 3-D
numerical analysis of a transformer under short circuit for its
leakage reactance calculation. The case of the one phase part of
a 630 kVA, rated primary voltage 20 and 15 kV (dual voltage in
primary winding), rated secondary voltage 400 V, three-phase,
wound core, power transformer, has been considered. Fig. 4
illustrates the perspective view of the one-phase transformer
part modeled as well as the corresponding finite-element mesh.
This mesh is considerably more dense in the windings area in
order to obtain greater accuracy in the magnetic field sources
region.

The field values computed by the proposed 3-D formula-
tion have been compared to those measured by a Hall effect
probe during short circuit test. Fig. 5 and 6 give the variation
of the perpendicular flux density component along the line
AB, positioned as shown in Fig. 4, in case of short circuit with
the high-voltage winding connections corresponding to 20 and
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Fig. 5. Comparison of measured and computed field values along the line AB
during short circuit at 20 kV.

Fig. 6. Comparison of measured and computed field values along the line AB
during short circuit at 15 kV.

TABLE I
COMPARISON OF MEASURED AND COMPUTED SHORT CIRCUIT

IMPEDANCE VALUES

15 kV voltage supply. These figures illustrate the good cor-
relation of the simulated results with the local leakage field
measurements.

The measured short circuit impedance deduced by this test
was compared to the one calculated with the use of the pro-
posed method. The results and the respective deviation appear
in Table I. The measured and calculated values are very close
for both voltage levels, with similar difference less than 2.2%.

C. Generalization of Results

The proposed methodology has been adopted in the devel-
opment of a computer code which implements the short cir-
cuit impedance calculation for three-phase dual voltage wound
core transformers. This tool has been used during the design
of transformers with different power ratings and voltage levels
in the primary winding. Table II lists the calculated short cir-
cuit impedance values in three cases along with the ones mea-
sured after the construction. The respective difference is less
than 2.7%, while in some cases it reduces to less than 0.5%.

TABLE II
APPLICATION OF THE PROPOSED METHOD TO SEVERAL TRANSFORMER CASES

IV. CONCLUSION

The paper introduced a 3-D mixed finite-element/boundary-
element model for three-phase, wound core, dual voltage,
power transformers. The method is based on a particular
reduced scalar potential technique necessitating no source field
calculation. The results of the proposed methodology have
been validated through local leakage field measurements and
checked in several power transformer cases. The relevance
between measured and computed values render this hybrid
numerical technique a powerful computational tool for trans-
former short circuit impedance evaluation.
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